Section 6-1 A Parable about Parabolas Name:

What is a parabola’? It is geometrically defined by a set of points or locus of points that are
equidistant from a point (the focus) and a line (the directrix). Fold a Parabola

To see this idea visually try
drawing a straight line at the
bottom of a piece of paper
with a ruler. Then, place a
point in the middle just
above the line as shown.
Next, fold the paper multiple
times in various locations so
that the line folds on top of
the point and make a crease. e

\T he creases will outline a parabola. Why does thls happeu

Parabolas can be found in many places in everyday life. A few examples are shown below. Can you guess where
the focus point should be in the flash light or the satellite dish?
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Fountains and Projectiles Flash Light Reflectors
Algebraically, parabolas are usually defined in two different forms:
Standard Form and Vertex Form

v=ax +hx+c v=alx-h*+k

Lets start with the most basic graph of a parabola,
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So, where would the focus point and the directrix be in the basic
equation of y = x%. This is not a trivial task. We know that the - LY
directrix should be somewhere below the vertex and the distance

from the vertex to the line should be the same as the distance from Ag (X.X)
the vertex to the focus point.

Let’s just put a arbitrary point on the y — axis above the vertex and

call it the focus point at (0, p). We will need to figure out what p is ‘\*"

to find the location of the focus. Then, we know that the directrix is opl T

the same distance away from the vertex but on the other side of the F '|‘ X
parabola and it is a line. So, it the directrix would need to be the L 4 :3 e
lineat y=-p. T it biebd Sebiehity ( )-(,é_p-)----

The parabola is geometrically defined as the set of point equidistant
from a point and a line. So, we already know algebraically the R
parabola is given by the equation y = x* which would suggest every

point on the parabola is basically of the form (x, x) (eg. (1,1), (2, 4), (3,9), etc.). We described the point of the
focus point as (0,p) and then, if you think about it carefully the point directly below the general point of the
parabola shown in the diagram on the directrix would have to be the point (x,—p). Now, we can just use the
distance formula to say that AF = AB.

\/(XA_XF)2+(YA_YF)2 :\/(XA_XB)2+(yA_yB)2
\/(x—0)2+(x2 = |O)2 =\/(x—x)2 +(x* - IO)2

We can square both sides:
(x—O)2 +(x2 —~ p)2 =(x- x)2 +(x2 —- p)2
Clean things up a bit:
X2 +(x2 —~ p)2 =0? +(x2 + p)2
Expand (use F.O.1.L. if necessary):
X2+ X =2x2p+ p* =x'+2X°p + p?
Cross out items on both sides (subtract from both sides)
x2+)<‘(—2x2p+/pz/:)(‘(+2x2p+/pz/
Move the 2x%p to the right:
x> —2x’p=2x°p

+2x°p  +2X°p

X = 4x%p

Solve for p

X _4xp

4% 4%

Which reduces
1_
.=
So the focus is located at (0,%} and the directrix is located at y = —%



It turns out doing nearly the same thing for the general vertex form of the parabola,

y=a(x-h) +k

we can show in a similar manner that the focus is located ‘inside the mouth’ of the parabola a

. . 1 . - .
vertical distance of I from the vertex. Where as the directrix is located the same distance away
a

from the vertex on the other side of the parabola from the focus.

Example #1: Find the vertex form, the focus, and the directrix of each of the following parabola.

A y=x"+6x+2
**Eirst complete the square

y = X% +6x \ +2

Sqr it

**Balance

y =X +6X+9 —9+2

**Factor and simplify

y:(x+3)2—7

** VERTEX at (-3, -7)

** Sketch

\

-8 -7 6\-F 4 -3 -2 1 1 2

FANUES
.

FOCUS is located at :

[_3 , _7+ﬁ]:(—3, ~6.75)

DIRECTRIX is located at :

1
-7
Y 41

y=-7.25

B. y=-2x*+10x+6
**First complete the square

y =—2(x*-5x +6
(oos )

€ 25/4
Sqr it
**Balance

y= —Z(X2 —5x+§j 246
_4)_4

**Factor and simplify

5\ 37
=2 X—— | +—
y ( zj 2

This is (+50/4)
because everything
in the parenthesis is
multiplied by (-2)

** VERTEX at (2.5, 18.5)

**Sketch

p v
20
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16
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16

FOCUS is located at :

|

1

2.5

185+
4

j: (25,18.375)

DIRECTRIX is located at :

y=185-—1_

4.-2

y =18.625



4.

5.

Parabola (forward). Given y = x*> +10x +18

A. Find the equation of the parabola in vertex form:
Y= xZ +10X *i5 -25 +\8

B.

D.

25

=P
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D\eCRIX : Yy =-7 - 0.25

Focos: (-5 -7+.25)

I:P

o i)/f (asy -7 ]

C. Location of Focus:

0.25=P

Location of Vertex:

: (‘5)b7> |

(-5,-679 ]

Location of Directrix:

(V=735 )

E. Sketch a Graph.

Parabola (forward). Given y = 3x* —18x+ 24

A. Find the equation of the parabola in vertex form:

Y= 2(xz- ox +9 ) 27 +at

Gkl

V=38 (x-9"-23

|
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Location of Vertex:

(3,-3)

~

\Y=5 (x—sﬁz -3 ]

X
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C. Location of Focus:

[@=ZDN

Location of Directrix:
( )

y: —5,08?

g

E. Sketch a Graph.
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6.

7.

Parabola (forward). Given y = —-2x* —8x -1

A. Find the equation of the parabola in vertex form:

y=-2(x ¢y +d)r8 ~ |

o

l
Yo =7 Fiews: (-2, - 0129
_(_ — Dizgerpry : y = 7+ 01015
nZ it
-\

8'? p
~0.\25=P y: ! (>(+;L>L v/ ]

B. Location of Vertex:

(
(-2, 7)
F. Location of Directrix:

:\/:ws\

C. Location of Focus:

E. Sketch a Graph.

Parabola (forward). Given y = %Xz —-3Xx+2

A. Find the equation of the parabola in vertex form:
Ve S(x% -1ax +36 ) =7 +&
Eo-En
Yo & (x-0)* -7
A focus: (G,-7 *1)
| Dieerx ¢ y=-7-1

eI

B. Location of Vertex:

C. Location of Focus:

((o,-7) ) ((0 -0 )

G. Location of Directrix:
( )\

(v=-e

E. Sketch a Graph.
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8.

9.

Horizontal Parabolas Graph the following:

A x+1=(y+2)

kv
8

B. x—4=-2(y-3)
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Parabola (forward). Given x =2y* —12y + 20

A. Find the equation of the parabola in vertex form:

y: 2(y2—_(ay+q s)—\8 %Qb

B. Location of Vertex:

-5

X = Q <\/——3>2 + X
X-8= 2(y-3

Focos: (QJ, 0.2, ”?;)

Dikeey -

X = Q—O-\ig

-

-

x-2=(y-2 ]

(a,2)

C. Location of Focus:

w52 |

D. Location of Directrix:

Ve

g

X = [ 875

E. Sketch a Graph.
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10. Parab0|a(backwards)
A vertex of a parabola is located at (4, —4) and the focus is located at (4, -1).

A. Find the Direcrix: rP - 5

=]

B. Find the equation of the parabola in vertex form:

L ) R ETEE
0= a@° iz -
;
Y+ ( X - ) .
me Y:=E- &
C. Sketch a Graph of the Parabola 9

11. Parab0|a(backwards)
A directrix of a parabola is y = -2 and the focus is located at (-4, 0).

VERIEX
A. Find the lnas=s Point:

Ci-0) P z

B. Find the equation of the parabola in vertex form: l

C. Sketch a Graph of the Parabola

12. Parab0|a(backwards)
A directrix of a parabola is y = 1.5 and the vertex is located at (1, 2).
Foevs

A. Find the Vertex:

(59) o5 §

B. Find the equation of the parabola in vertex form:

l o :
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C. Sketch a Graph of the Parabola
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13. A parabola has a focus at (-3, 6) and a directrix of y = 4. For which value of a does the

point (a, 6) lie on the parabola? VeemexX % (—3, S) w
e - d---->
x @ \
PA(%OLA! Y-S: —(X+® ODEFFUD)TO T) E—
6-5= ‘,, (xx D" %
_ 2
| = {_/ (x* 9)
F: ((x+3)2
any
£ Xt 3 o8
-3 -3
Y =-2+2=-] o& "3%-2=-S <~S} (”)

14. A parabola has a vertex at (0, — 3) and a directrix of y =-2.75. For which value of b does

the point (- 2, b) lie on the parabola? P = —0.29

7 \
PAQABDLA*. y+3% = -\ (5( —0> Q= :Z_‘_?_Q

>/+3:__X2 oz -\
y+3= - ()
‘/féf’i
y =77
(“2/“—0

point (4, ¢) lie on the parabola’P
Theasola: y_g=-5(x- 2) ) =
Y-d= =L (42) Q=—‘—Z

Y-d -1 (2
V-4 = —55(“‘\\

At
v (4,2)




